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Abstract
Let g(p) denote the least square-free primitive root modulo p. We show that g(p) <
p0.96 for all p.
1 Introduction
Let gˆ(p) denote the least prime primitive root modulo p. It is not known whether gˆ(p) < p
for all p, or even for all sufficiently large p. The best unconditional result is due to Ha [3],
namely, that gˆ(p) ≪ p3.1. On the Generalised Riemann Hypothesis it is known [7] that
gˆ(p)≪ (log p)6+ǫ, and, recently, it was shown in [5] that gˆ(p) < √p− 2 for all p > 2791.
Rather than consider prime primitive roots, we consider the broader (and easier) case of
square-free primitive roots. An integer n is said to be square-free if for all primes l|n we
have l2 ∤ n. Let g(p) denote the least square-free primitive root modulo p, and let N(p, x)
denote the number of square-free primitive roots modulo p that do not exceed x. Shapiro
[6, p. 355] showed that
N(p, x) =
φ(p− 1)
p− 1
{
6
π2
x+O(2ω(p−1)p1/4(log p)1/2x1/2
}
. (1)
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This shows that N(p, p1/2+ǫ) > 0 for any positive ǫ and for all sufficiently large p. Equiva-
lently, this means that g(p)≪ p1/2+ǫ.
The error term in (1) has been improved by Liu and Zhang [4, Thm 1.1], who showed
N(p, x) =
φ(p− 1)
p− 1
{
6
π2
x+O
(
p9/44+ǫx1/2+ǫ
)}
, (2)
whence one has that g(p) ≪ p9/22+ǫ. Rather than focus on (2) we seek a version of (1) in
order to bound g(p) explicitly. We do this in the following theorem.
Theorem 1. g(p) < p0.96 for all p. In particular all primes p possess a square-free primitive
root less than p.
We note that using (1) does not allow one to show that g(p) ≪ p1/2. However, based
on computational evidence, the bound in (2) and recent work in [2, 5] it seems reasonable
to extrapolate, as below.
Conjecture 1. For all p > 409 we have g(p) <
√
p− 2.
The outline of this paper is as follows. In §2 we collect the necessary results to make
(1) explicit. In §3 we introduce a sieving inequality. We also carry out some rudimentary
computations, which prove Theorem 1. Finally, in §4 we discuss a related problem on square-
full primitive roots. Throughout this article we write n =  − free to indicate that n is a
square-free integer.
2 Preliminary Results
The following establishes an indicator function on primitive roots.
f(x) :=
φ(p− 1)
p− 1
∑
d|p−1
µ(d)
φ(d)
∑
x∈Γd
χ(n) =
{
1 if n is a primitive root mod p
0 otherwise.
(3)
We therefore have
N(p, x) =
∑
n≤x
n=−free
f(x)
=
φ(p− 1)
p− 1


∑
n≤x
n=−free
1 +
∑
d|p−1
d>1
µ(d)
φ(d)
∑
x∈Γd
∑
n≤x
n=−free
χ(n)

 .
(4)
Now, to estimate the inner-most sum in (4) we write∑
n≤x
n=−free
χ(n) =
∑
n≤x
χ(n)
∑
d2|n
µ(d) =
∑
d≤√x
µ(d)
∑
n≤x
n≡0 (mod d2)
χ(n).
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Upon taking absolute values and using the bound∣∣∣∣ ∑
n≤x
n≡0 (mod d2)
χ(n)
∣∣∣∣ ≤ min{ xd2 ,√p log p
}
, (5)
we find that ∣∣∣∣ ∑
n≤x
n=−free
χ(n)
∣∣∣∣ ≤ 2x1/2p1/4(log p)1/2. (6)
Finally, we need an estimate on the number of square-free numbers not exceeding x, which
we borrow from [1, Lemma 4.2].
Lemma 1 (Cipu). For all x ≥ 1 we have∑
n≤x
n=−free
1 ≥ 6
π2
x− 0.104√x.
While sharper estimates are known for x ≥ x0 > 1, the bound in Lemma 1 is sufficient
for our purposes. Therefore, by (4) we have that N(p, x) > 0 if
G(x) := x1/2p−1/4 − π
2
6
(
0.104
p1/4
+ 2ω(p−1)+1(log p)1/2
)
> 0. (7)
Setting x = p0.96 in (7) shows that G(p0.96) > 0 for all p with ω(p− 1) ≥ 30.
Rather than consider all remaining cases of ω(p− 1), we make use of the calculations in
[2, §4], namely that
gˆ(p) <
√
p− 2, (2791 < p < 2.5 · 1015). (8)
We use this to take care of the cases 1 ≤ ω(p− 1) ≤ 7. For example, when ω(p− 1) = 7 we
find that G(p0.96) > 0 for all p > 5.5 · 1014. Hence we need only consider those p ≤ 5.5 · 1014,
which are covered by (8). We continue in this way and dispatch the cases 1 ≤ ω(p− 1) ≤ 7.
3 A sieving inequality and is consequences
3.1 Sieving
Given the prime p, let e be any divisor of p − 1. Call an integer n indivisible by p e-free if
n ≡ md(mod p), d|e, for some integer m, implies d = 1. (In particular, if e = 2, be aware
that, in this sense, being 2-free has a different meaning from being square-free.) Observe that
the definition e-free depends only on the distinct primes dividing e and that, in particular, n
is a primitive root if and only if n is (p− 1)-free. Extend the definition of the characteristic
function (3) as follows.
fe(x) :=
φ(e)
e
∑
d|e
µ(d)
φ(d)
∑
x∈Γd
χ(n) =
{
1 if n is e-free
0 otherwise.
(9)
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Now, given p and x with x < p, let Ne (p, x) denote the number of square-free and e-free
positive integers n that do not exceed x. Thus, N(p, x) = Np−1(x). From (9) we have
Ne (p, x) =
∑
n≤x
n=−free
fe(x)
=
φ(e)
e


∑
n≤x
n=−free
1 +
∑
d|e,d>1
µ(d)
φ(d)
∑
x∈Γd
∑
n≤x
n=−free
χ(n)

 .
(10)
Next, let k be a divisor of Rad(p−1), the radical of p−1 (i.e., the product of the distinct
primes dividing p− 1). Write
Rad(p− 1) = kp1 · · · ps, (11)
where 1 ≤ s ≤ ω(p − 1) and p1, . . . , ps are distinct primes and the core k is the product
of the ω(p− 1)− s smallest (distinct) primes dividing p − 1. We describe this situation as
sieving with core k and s sieving primes. A useful inequality for N(p, x) is now proved as
in Lemma 3.1 of [2].
Lemma 2. Given the prime p, assume that (11) holds. Then
N(p, x) ≥
s∑
i=1
Nkpi(p, x)− (s− 1)Nk (p, x)
=
s∑
i=1
{
Nkpi(p, x)−
(
1− 1
pi
)
Nk p, (x)
}
+ δNk (p, x),
where
δ = 1−
s∑
i=1
1
pi
. (12)
Now, by (10), (6) and Lemma 1, we have
Nk (p, x) ≥
φ(k)
k
(x1/2p1/4)
{
6
π2
(x1/2p−1/4)− 0.104
p1/4
− 2ω(k)+1(log p)1/2
}
. (13)
Similarly, for each i = 1, . . . , s, since φ(kpi)
kpi
=
(
1− 1
pi
)
φ(k)
k
, we have
∣∣∣∣Nkpi(p, x)−
(
1− 1
pi
)
Nk (p, x)
∣∣∣∣ ≤ φ(k)k (x1/2p1/4)
(
1− 1
pi
)
2ω(k)+1(log p)1/2 (14)
(using also the fact that 2ω(kpi) − 2ω(k) = 2ω(k)).
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Theorem 2. Given the prime p, assume that (11) holds. Suppose that δ (defined by (12))
is positive and set
∆ =
s− 1
δ
+ 2.
Suppose also that
Gs(x) := x
1/2p−1/4 − π
2
6
(
0.104
p1/4
+ 2ω(k)+1∆(log p)1/2
)
> 0. (15)
Then p possesses a square-free primitive root less than x.
Proof. Apply (13) and (14) to Lemma 2 and use the fact that
∑s
i=1
(
1− 1
pi
)
= s− 1 + ∆.
3.2 Application of Theorem 2
As noted already, we need only consider 8 ≤ ω(p−1) ≤ 29. For example, when ω(p−1) = 29
the choice s = 26 shows that (15) is true for all p > 9.2·1018. Since p−1 has 29 distinct prime
factors we have p−1 ≥ 2 ·3 · · ·p29 > 2.8 ·1044, which proves Theorem 1 for ω(p−1) = 29. We
continue in this way, keeping in mind (8). Choosing s = ω(p− 1)− 3 for 14 ≤ ω(p− 1) ≤ 29
and s = ω(p− 1)− 2 for 8 ≤ ω(p− 1) ≤ 12 completes the proof of Theorem 1 for every case
except ω(p− 1) = 13.
When ω(p− 1) = 13 we choose s = 10, whence we require p > 3.34 · 1015 to satisfy (15).
Therefore one needs to check p ∈ [2.5 · 1015, 3.34 · 1015]. Since p is odd we have 2|p− 1; also,
we must have 3|p− 1 since otherwise p− 1 ≥ 2 · 5 · · ·p14 > 4.3 · 1015, which satisfies (15).
One can now proceed as in [5, §3.1]. We begin by noting that when s = 10 we have δ >
1−1/7−1/11−· · ·−1/p13 > 0.416. If 5 ∤ p−1 then we have δ > 1−1/11−· · ·−1/p14 > 0.535.
This larger value of δ shows that (15) is true for all p > 1.2 · 1015. We continue, with the
choice s = 10 to show that 5, . . . , 19 all divide p− 1. Finally, with s = 11 we conclude that
23|p− 1.
Since p − 1 = m · 2 · · ·23, and, since 2.5 · 1015 ≤ p ≤ 3.34 · 1015 we conclude that there
are less than 4 · 106 possible numbers which may not satisfy (15). Only 518 of these give
rise to primes p with ω(p− 1) = 13. For each of these possible exceptions we compute the
exact value of δ, rather than merely a lower bound. We then eliminate many of these cases
by feeding these δ’s into Theorem 2: this leaves a list of 25 possible exceptions the smallest
of which is
2, 513, 954, 577, 154, 020.
Owing to the abundance of square-free primitive roots, we merely verify that each of these
25 numbers contains a square-free primitive root less than 100.
We note that our method allows one to prove g(p) < pα for all p ≥ p0(α), where p0(α)
is given explicitly, and where α > 1
2
. For example, we are able to show that g(p) < p3/4 for
all p > 1.2 · 1034.
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We also note that in (5) we have used the Po´lya–Vinogradov inequality∣∣∣∣ ∑
M<n≤N
χ(n)
∣∣∣∣ ≤ √p log p, (16)
valid for all non-principal characters χ(n) to the modulus p. The use of sharper versions of
(16) would improve (6) and lead to an improvement in Theorem 1. Finally since 2 is the
only primitive root modulo 3 one could not aim to produce a version of Theorem 1, holding
for all primes, with an exponent less than log 2/ log 3 = 0.6309 . . ..
4 Square-full primitive roots
Less is known about g(p), the number of square-full primitive roots modulo p. An integer n
is square-full if for all primes l|n we have l2|n. Let N(p, x) denote the number of square-full
primitive roots modulo p not exceeding x. Shapiro [6, p. 307] proved that
N(p, x) =
φ(p− 1)
p− 1
{
Cx1/2 +O(2ω(p−1)p1/6(log p)1/3x1/3)
}
, (17)
where C is an explicit constant. Liu and Zhang [4, Thm 1.2] showed that
N(p, x) =
φ(p− 1)
p− 1
{
Cx1/2 +O(p9/44+ǫx1/4+ǫ)
}
, (18)
whence g(p)≪ p9/11+ǫ.
It would be interesting to estimate the size of p0 such that g
(p) < p for all p ≥ p0.
Shapiro’s result (17) is insufficient to show this; Liu and Zhang’s result (18) is based on
arguments out of which it would be difficult to derive explicit constants. We are grateful to
Adrian Dudek who computed that 1, 052, 041 is the largest prime p with p ≤ 3 · 106 that
does not have a square-full primitive root less than p.
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